By the theorem of Mantel [5] it is known that a graph with n vertices and ⌊ n 2 4 ⌋+1 edges must contain a triangle. A theorem of Erdős gives a strengthening: there are not only one, but at least ⌊ n 2 ⌋ triangles. We give a further improvement: if there is no vertex contained by all triangles then there are at least n − 2 of them. There are some natural generalizations when (a) complete graphs are considered (rather than triangles), (b) the graph has t extra edges (not only one) or (c) it is supposed that there are no s vertices such that every triangle contains one of them. We were not able to prove these generalizations, they are posed as conjectures.
triangle. In 1941, Rademacher (unpublished, see [1] ) showed that for even n, every graph G on n vertices and n 2 4 + 1 edges contains at least n 2 triangles and n 2 is the best possible. Later on, the problem was revived by Erdős, see [1] , which is now known as the Erdős-Rademacher problem, Erdős simplified Rademacher's proof and proved more generally that for t ≤ 3 and n > 2t case. Seven years later, he [2] conjectured that a graph with n 2 4 + t edges contains at least t n 2 triangles if t < n 2 , which was proved by Lovász and Simonovits [4] . Motivated by earlier results, we give a further improvement for the case t = 1: if there is no vertex contained by all triangles then there are at least n − 2 of them in G.
Theorem 1 (Mantel [5] ). The maximum number of edges in an n-vertex triangle-free graph is ⌊ n 2 4 ⌋. Furthermore, the only triangle-free graph with ⌊ n 2 4 ⌋ edges is the complete bipartite graph K ⌊ n 2 ⌋,⌈ n 2 ⌉ . Theorem 2 (Erdős [1] ). Let G be a graph with n vertices and n 2 4 + t edges, t ≤ 3, n > 2t, then every G contains at least t n 2 triangles. Before presenting our main result, the following definitions, a theorem and a lemma are needed. Definition 1. Let K i,n−i denote a the complete bipartite graph on the vertex classes |X| = i,
Let K − i,n−i denote a graph obtained from a complete bipartite graph K i,n−i plus an edge in the class X with i vertices, see Figure 1 .
i,n−i denote a graph obtained from a complete bipartite graph K i,n−i minus an edge plus two adjacent edges in the class X with i vertices, one end point of the missing edge is the shared vertex of these two adjacent edges and the other one is in the class Y , see Figure 1 .
Let G be a graph with n vertices and n 2 4 + 1 edges, such that τ △ (G) = 1
and T (G) ≤ n − 3. Then G is one of the following graphs:
Theorem 4. Let G be a graph with n vertices and n 2 4 + 1 edges, then either τ △ (G) = 1 or T (G) ≥ n − 2.
Proofs of the main results
Proof of Lemma 3. Let v 0 be such a vertex that G \ v 0 contains no triangle. We distinguish two cases.
be adjacent to at most 2 vertices in the C 2k+1 , otherwise, we can find a shorter odd cycle.
Since G ′ is an (n − 2k − 2)-vertex triangle-free graph, by Theorem 1,
Obviously, any two vertices of C 2k+1 are not adjacent, therefore
− n + 2) = n 2 4 + 1, the only possibility for e(G) = n 2 4 + 1 is that d(v 0 ) = n − 1 and e(G \ v 0 ) = n 2 4 − n + 2. In this case, we get T (G) = n 2 4 − n + 2, which contradicts T (G) ≤ n − 3. . There are two subcases.
So we need d 1 + d 2 = n 2 + 1 and d 1 d 2 ≤ n − 3 hold true at the same time. When n is even, we can see that the only solution is when d 1 = 1 and d 2 = n 2 . The symmetric solution,
. Assume now that n is odd, there are two possibilities, (i) d 1 = 1 and d 2 = n−1 2 , in the same way as in the even case, we get T (G) = n−1 2 and
. Similarly, when d 1 = n−3 2 and d 2 = 2, we get the same result.
, n is even,
, n is odd.
(1)
In this situation,
When n is even, we know that the solutions of n − 3 ≥ T (G) = d 1 ( n 2 + 1 − d 1 ) is exactly one of d 1 = 1 or d 2 = 1 holds like in Case 2.1. However, when d 2 = 1, since d 1 +d 2 = n 2 +1+t, we have
The case d 1 = 1 and d 2 = n 2 + t can be settled in the same way.
When n is odd, n − 3 ≥ T (G) = d 1 ( n 2 + 1 − d 1 ) implies that one of d 1 = 1, d 2 = 1, d 1 = 2 or d 2 = 2 holds. By symmetry we can consider the cases d 1 = 1 and d 1 = 2. We check the details of the following 3 subcases.
Using Lemma 3, we are able to give the proof of Theorem 4.
Proof of Theorem 4. We prove our result by induction on n. The induction step will go from n − 2 to n, so we check the bases when n = 3 and n = 4, obviously, our statement is true for these two cases. Suppose Theorem 4 holds for k = n − 2 (n ≥ 5), we separate the rest of the proof into 2 cases. Suppose Otherwise, τ △ (G\{u, v}) = 1 and T (G\{u, v}) ≤ n−5 hold. By Lemma 3, we see that when
Let us check what will happen in these cases.
We first give the following technical lemma: 
It is easy to check that Ab ≥ A, when b ≤ B 2 , and b+ (A−1) . Let X and Y be the two classes of K − ⌊ n 2 ⌋−1,⌈ n 2 ⌉−1 and {j, k} be the extra edge in X, where |X| = n 2 − 1, see Figure 2 . Since e (G[N(u − a)(B − b) . Hence, we get T (G) ≥ ab + n 2 − 1 − a n 2 − 1 − b + n 2 − 1. By Lemma 5, we see T (G) ≥ n 2 − 1 + n 2 − 1 = n − 2. . It is easy to check that T (G) reaches the lower bound when |(N(v) \ u) ∩ X| = 1 for n ≥ 9 and when n = 7, T (G) ≥ 5 holds in all cases. Therefore, we get either τ △ (G) = 1 or T (G) ≥ n − 2.
by Lemma 5, we get T (G) ≥ n−3 2 + n − 5 ≥ n − 2 (n ≥ 9). Since T (G) ≥ 5 when n = 7, we see that T (G) ≥ n − 2 holds in this case.
This completes the proof.
Open problems
, but there is no edge within a V i . The number of edges of the graph T r (n) is denoted by t r (n). The following fundamental theorem of Turán is a generalization of Mantel's theorem.
Theorem 6 (Turán [6] ). If a graph on n vertices has more than t k−1 (n) edges then it contains a copy of the complete graph K k as a subgraph.
The most natural construction is to add one edge to T k−1 (n) in the set V 1 . This graph is denoted by T − k−1 (n). It contains not only one copy of K k but |V 2 | · |V 3 | · · · |V k−1 | of them. [3] proved that this is the least number. Observe that the intersection of all of these copies of K k is a pair of vertices (in V 1 ). If this is excluded, the number of copies probably increases. This is expressed by the following conjecture. Take T k−1 (n), add an edge {x, y} in V 1 , an edge {u, v} in V 2 and delete the edge {u, x}. This graph is denoted by T ⊏ k−1 . It contains almost the double of the number of copies of K k in T − k−1 (n). Conjecture 1. If a graph on n vertices has t k−1 (n) + 1 edges and the copies of K k have an empty intersection then the number of copies of K k is at least as many as in T ⊏ k−1 :
Of course this would be a generalization of our Theorem 4. Now we try to generalize it in a different direction. What is the minimum number of triangles in an n-vertex graph G containing n 2 4 +t edges if τ △ (G) ≥ s is also supposed. The problem is interesting only when 0 < t < s. Otherwise, if t ≥ s then τ △ (G) = t is allowed. By Lovász-Simonovits' theorem [4] , we know that the number of triangles is at least t n 2 with equality for the following graph. Take K ⌈ n 2 ⌉,⌊ n 2 ⌋ where the two parts are V 1 (|V 1 | = n 2 ) and V 2 (|V 2 | = n 2 ), respectively. Add t edges to V 1 . Here all triangles contain one of the new added edges, therefore τ △ (G) ≤ t and the extra condition on τ △ (G) is not a real restriction.
Hence we may suppose 0 < t < s. Choose 2(s − 1) distinct vertices in V 1 (of K ⌈ n 2 ⌉,⌊ n 2 ⌋ ):
x 1 , x 2 , . . . , x s−1 , y 1 , y 2 , . . . , y s−1 and two distinct vertices in V 2 : u 1 , u 2 . Add the edges {x 1 , y 1 }, {x 2 , y 2 }, . . . , {x s−1 , y s−1 }, {u 1 , u 2 } to K ⌈ n 2 ⌉,⌊ n 2 ⌋ and delete the edges {x 1 , u 1 }, . . . , {x s−t , u 1 }. Let K s,t ⌈ n 2 ⌉,⌊ n 2 ⌋ denote this graph. It is easy to see that it contains n 2 4 + t edges. On the other hand it contains s vertex disjoint triangles if n 2 ≥ 2(s − 1) + 1 and n 2 ≥ s + 1. Therefore, τ △ (K s,t ⌈ n 2 ⌉,⌊ n 2 ⌋ ) = s holds if n is large enough. We believe that this is the best possible construction.
Conjecture 2.
Suppose that the graph G has n vertices and n 2 4 + t edges, it satisfies τ △ (G) ≥ s and n ≥ n(t, s) is large. Then G contains at least as many triangles as K s,t ⌈ n 2 ⌉,⌊ n 2 ⌋ has, namely (s − 1) n 2 + n 2 − 2(s − t). In the case t = 1, s = 2 our Theorem 4 is obtained. There is an obvious common generalization of our two conjectures.
